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Precise correlation energies in small parabolic quantum dots from configuration interaction
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We calculate precise correlation energies of ground and low-lying excited states in circular parabolic quan-
tum dots containing N=2-20 electrons by means of a configuration interaction (CI) method with a numerical,
mean-field basis set. All excitations are allowed for 2=<N=7 (full CI), while up to hextuple excitations are
included for N=8,9, and up to pentuple excitations for 10=N=20. The energies are extrapolated to the limit
of basis-set completeness and the truncation error due to restricting the number of Slater determinants is
monitored. For high electron densities (Wigner-Seitz radius r,=~ 1.7ag), the approach achieves errors of order
0.3 mHa" for N=3, a few mHa" for N=6-9, rising to about 100 mHa* for N=20. A comparison is made with

recent quantum Monte Carlo calculations.
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I. INTRODUCTION

Semiconductor quantum dots'? are formed when a finite
number of free carriers (electrons or holes) are confined elec-
trostatically to dimensions of order nanometers. The number
of confined electrons can vary from a few to several hundred,
with smaller numbers of electrons becoming increasingly
technologically important in nanometer-sized devices such as
the single-electron transistor® (SET). In a large class of de-
vices of practical importance, as well as in many experiments
in mesoscopic physics, one deals with a confined electron
system that is essentially two dimensional (2D), having lat-
eral dimensions (x and y dimensions) of order tens or hun-
dreds of nanometers but a thickness (z dimension) of order
only a few nanometers. Such an electronic system can be
produced by using a suitable arrangement of gate electrodes
to confine laterally the 2D electron gas that is formed close
to the interface between two semiconductors or between a
semiconductor and an insulator.* Alternatively, they can be
created in an etched vertical pillar structure of thin layers of
different semiconductors.>®

Since the typical de Broglie wavelength in semiconduc-
tors is of the order of tens of nanometers, confinement on
this scale leads to discrete energy levels, and atomiclike
properties such as shell effects, so that the systems are often
referred to as artificial atoms. For instance, particularly
stable systems are found for “magic” numbers of confined
electrons corresponding to filled fermionic shells.” Just as
with atoms, molecules, or nuclei, a theoretical approach to
these systems requires a careful treatment of finite-size quan-
tum many-body (correlation) effects.

In this paper, we describe a calculation of the correlation
energy in small quantum dots (containing up to 20 electrons)
and compare to other, precise calculations in the literature.
We make two basic approximations that are common in the
field.® First, the quasi-2D approximation, in which we as-
sume that the system is always in the lowest-energy state or
subband for quantization along the z axis, so that the equa-
tions describing the system can be effectively reduced to two
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dimensions. Second, we describe the confined electrons in
the conduction band of the semiconductor by an effective
mass approximation, assuming a single effective mass m* for
the conduction band and a dielectric constant €. In addition,
the external confinement potential is taken to be circular
parabolic.

Using this model of a quasi-2D quantum dot, several
electronic-structure methods have been considered in the
literature, including Hartree-Fock” (HF), Brueckner-
Hartree-Fock,'? spin-density functional theory!'~!> (SDFT),
quantum  Monte  Carlo'?!  (QMC), configuration-
interaction>?>-3* (CI), and coupled cluster.>'-33 In this work
we use a CI approach.

Most CI calculations for semiconductor quantum dots
have in practice been based on simple-harmonic-oscillator
(SHO) basis sets. These have the convenience of a simple
analytic form, together with analytic formulas for Coulomb
and other matrix elements. Although it is always possible
within this framework to perform CI calculations with re-
spect to HF ground states, for example, by re-expanding the
HF basis states in terms of SHO states, additional computa-
tion is thereby required in the CI phase of the calculation. We
use instead a CI method in which the basis set is generated
numerically, and stored, on a 2D Cartesian grid for an arbi-
trary mean-field potential. Real-space methods such as this
have been used before in the context of CL.2%3%34 By com-
bining this approach with a careful extrapolation to the limit
of basis-set completeness, we extract ground-state and exci-
tation energies for small quantum dots (containing 2=N
=20 electrons) with a globally better precision than previ-
ously reported for CI on this problem.

Aside from the inherent interest of semiconductor quan-
tum dots, one can also regard the quasi-2D parabolic dot as a
simple model system in which to test electronic-structure
methods, characterized by many strongly interacting, nearly
degenerate configurations. In the case of quantum dots, the
benchmark electronic-structure method is often considered to
be QMC. For instance, Pederiva et al.>° report calculations of
ground-state energies and excitation energies for 2=N=13
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with a statistical error corresponding to several parts in 10°
of the ground-state energy. But QMC methods can also con-
tain systematic errors, which are harder to estimate within
the approach. We therefore undertake a detailed comparison
between the present method and QMC work.

The paper is organized as follows. Section II gives an
overview of our calculation method. In the following section,
we describe in some detail a few example calculations on
small systems, in order to explain further aspects of our
methodology. In Sec. IV we then make a detailed compari-
son with the QMC results of Ref. 20. The conclusions are
given in Sec. V.

II. METHOD
A. Numerical basis set

We assume the electron gas to be quasi-two-dimensional
and wish to solve for the many-body envelope wave function
in the effective mass approximation.® The N-electron Hamil-
tonian is
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where m™ is the effective mass in the conduction band of the
semiconductor, € is the dielectric constant, V,,(r) is the ex-
ternal confining potential, and the vector r is two dimen-
sional. In the applications reported here we assume a circular
parabolic confinement potential

Vexe(r) = m o’ (2)

The many-body envelope wave function W satisfies the
Schrodinger equation

HV =EWV. (3)

We shall work in effective atomic units corresponding to
scaled coordinates with lengths expressed in units of a
=(e/m")ay, where ay is the Bohr radius, and energies in units
of Ha*=(m"/€*) Ha. One can thus effectively put m*=e=e
=(4m€;)=1 in Eq. (1) and, accordingly, we shall drop m™ and
€ from all subsequent equations.

To solve Eq. (3), we use the CI approach,® in which the
many-body wave function is expanded in terms of a set of
Slater determinants P,

V= E cP,. (4)

a

The Slater determinants are built out of a single-particle ba-
sis corresponding to a suitable mean-field approximation.
The states (spin-orbitals) i, of this basis satisfy

hotpe = €0, (5)
V2
h0=_?+Vext+U' (6)
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The potential U here is intended to be a mean-field potential
that approximates the effect of the electron-electron interac-
tion, but for the method it is in principle arbitrary. It can be a
local potential, as in the effective potential V g(r) of Kohn-
Sham theory,*® or nonlocal, as in the HF potential. It could
also be spin dependent, although here we shall only consider
spin-independent potentials U. Thus the spin-orbital solu-
tions to Eq. (5) take the form

the = (1) x(my), ()

where x(m,) is a spin-1/2 eigenstate with z component of
spin m,= * 1/2, and the ¢,(r) are orbitals, which also satisfy
hoer=¢€,¢,. To set up the CI equations, we generate numeri-
cally a set of orbitals ¢, from the ground state up to some
upper energy cutoff €.,.. The Slater determinants included in
Eq. (4) are formed by distributing the N electrons among the
available states ¢, such as to satisfy the Pauli exclusion prin-
ciple, according to possible truncation schemes that are de-
scribed in more detail below. Note that in the basis-set limit
gt — @, and with the inclusion of all possible Slater deter-
minants (that is, full CI), the energies tend to the same exact
values independent of the basis-set potential U. However, for
any given truncation there will be a residual dependence on
U.

We use a numerical real-space approach in which all
single-particle orbitals, and other quantities such as poten-
tials, are represented on a 2D Cartesian grid. To generate a
single-particle orbital basis ¢,(r), we express the Laplacian
in Eq. (6) in terms of high-order (typically 5, 7, or 9 point)
centered finite differences.’” The mean-field potential U(r)
as well as the external potential V,,(r) are at this stage as-
sumed to be local and are also represented on the Cartesian
grid. The single-particle Hamiltonian &, (6) is then a sparse
matrix of dimension N, X N,, where N, is the total number of
points on the 2D Cartesmn grid. In practlce N, can vary
from about 10° to 10° depending on the apphcatlon The
lowest (most negative) m eigenvalues and eigenvectors of A
may now be readily extracted by sparse matrix methods such
as the Lanczos®® or Davidson® algorithms (or by standard
Lapack routines if N, is sufficiently small, of order only
several thousand). In this way, one can readily generate a
basis set of several hundred (or several thousand) single-
particle orbitals ¢,(r) and eigenvalues g; on the 2D grid for
arbitrary numerically defined external potentials and mean-
field potentials.

We also wish to generate a basis set for a nonlocal poten-
tial such as the HF potential. For this purpose, we first gen-
erate several hundred to a thousand basis functions for a
local mean-field potential such as the effective potential of
Kohn-Sham theory,*® using the algorithm described above.
The HF equations (restricted or unrestricted) are then rewrit-
ten with the HF orbitals expanded in terms of these local
orbitals, leading straightforwardly to an iterative solution.
For this method to be accurate, it is necessary that rather
more orbitals of the local mean field are used than the num-
ber of HF orbitals that are desired. For instance, if one de-
sires 100 HF orbitals, it may be necessary to use upwards of
500 Kohn-Sham orbitals. It is straightforward to monitor the
error caused by this truncation and we ensure that any errors
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incurred are at least 1-2 orders of magnitude smaller than the
truncation error in our final CI results due to the upper en-
ergy cutoff on the single-particle basis or to any truncations
in the number of Slater determinants that we include. Note
that because we store the final HF basis set on the 2D grid,
the computational effort required in the subsequent CI calcu-
lation is independent of the number of Kohn-Sham orbitals
that we use to compute the HF basis. The computer time
required to converge the HF equations is typically negligible
compared to the time spent on the CI calculation.
Coulomb matrix elements are evaluated as

<ab|rI£|Cd> = <b|Vuc|d> 5(ma’mc) 5(mb7md)v (8)

where V,.(r) is the potential due to a 2D sheet of charge

V..(r) = f dzw ©)

r-r’|

and the two Kronecker deltas give the spin selection rule for
the conservation of s, at each vertex of the Coulomb inter-
action. We evaluate the potential V,.(r) by regarding the ex-
pression (9) as a discrete convolution over the 2D Cartesian
grid of a density p,.(r')=¢,(r')¢.(r') with a Green’s func-
tion G(r,r’)=|r—r'|"!. The discrete convolution is handled
by standard fast Fourier transform methods and grid
doubling.** The approach is generalized by interpolating the
density p,.(r’) between grid points by high-order interpola-
tion formulas (at least cubic), to improve accuracy. The al-
gorithm satisfies the reciprocity relation

(0l Veeld) =alVydle), (10)

to machine precision, which is a useful property.

In the CI method,® one diagonalizes the many-body
Hamiltonian (1) in the space of Slater determinants @ ,. This
yields a large, sparse Hamiltonian matrix H¢; that we diago-
nalize by the Lanczos or Davidson algorithms. In the present
version of the code, the nonzero matrix elements of H¢; are
stored in sparse-matrix format®’ in run-time memory, and it
is the limit on the available memory that determines the
maximum number of Slater determinants (configurations)
that we include in the CI expansion (4). At present we in-
clude up to a few million configurations. To go beyond this
would require either the use of disk storage, or the re-
evaluation of the matrix elements of Hq; on the fly, as they
are required on each iteration of the Lanczos or Davidson
algorithm.

We reduce the grid error to negligible levels (typically
less than 10> Ha* in energies) by choosing the grid spacing
to be sufficiently small. Provided one uses a high-order
finite-difference representation for the Laplacian and a high-
order interpolation of the density in the Poisson solver, it is
usually possible to keep the grid spacing relatively large.
In the applications reported here, a grid spacing of around
0.5 a;, was used.
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B. Hierarchy of CI truncations

A common approach to choosing the set of configurations
included in the diagonalizaton of Hcy is to distribute the N
electrons in all possible ways among the available single-
particle states consistent with the Pauli exclusion principle.
This gives the so-called “full CI” scheme, which includes
configurations in which all electrons in the ground configu-
ration are excited (up to the upper energy cutoff g, in the
single-particle basis). The error in the full CI approach arises
only from the incompleteness of the single-particle basis (the
upper energy cutoff eg,,).

In quantum chemistry®> and atomic physics*' applications
it is common to use a truncated CI scheme based on the
hierarchy of single, double, triple, ..., etc., excitations of the
ground configuration. This hierarchy is known in these fields
to have reasonable convergence properties with respect to the
degree of excitation, at least when a mean-field (typically a
HF) basis is used. This opens the possibility of obtaining
good accuracy from CI calculations for larger numbers of
electrons by truncating at, say, double or quadruple excita-
tions. This possibility has not been explored systematically
in the context of quasi-2D quantum dots, and is one of our
main interests in this paper.

Accordingly, we shall arrange our CI calculations hierar-
chically, including successively single, double, triple, ...,
etc., excitations of the ground configuration up to the full CI
limit (for N=7), in order to assess the convergence with
respect to the rank of excitation for various basis sets. The
excitation hierarchy has a straightforward definition when
the ground state can be approximated by a single determi-
nant; triple excitations, for instance, are simply the set of all
configurations in which exactly three electrons are excited
from the ground configuration. In the case of 2D circular
parabolic quantum dots, a single-determinantal ground state
is generally only appropriate for magic numbers of electrons
(N=2,6,12,20,...) corresponding to full shells of electrons
in a shell model of the quantum dot.”

We also wish to discuss open-shell systems and therefore
we consider a generalization of this hierarchy as follows. We
suppose that the ground state can be approximated in lowest
order by a linear combination of determinants forming a
model space. Although there is some degree of arbitrariness
in the choice of the determinants forming the model space, in
the applications to be discussed here a convenient definition
of the model space can be made in terms of a shell model of
the quantum dot. An “open-shell” system is taken to consist
of a closed-shell core of N, electrons, together with N, va-
lence electrons distributed over M, possible valence states
(where M,>N,). The M, valence states are typically either
degenerate or nearly degenerate, so that configurations con-
taining them may be expected to interact strongly with one
another. We thus distinguish three classes of single-particle
state: the N, core states, which are occupied in the closed-
shell core; the M, quasidegenerate valence states; and the
excited states, which consist of all remaining states.

The model space is taken to be the set of all configura-
tions formed by distributing the N, valence electrons in all
possible ways among the M, valence states. We then define
the n-fold excitations in the CI hierarchy to consist of the set
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TABLE 1. Ground-state energy of the N=6 circular parabolic dot for r,=1.5aj, calculated by full CI using
a variety of basis sets. Notation: KS, Kohn-Sham; HF, Hartree-Fock. Columns headed by a value of w denote
use of the analytic potential U(w,r) in Eq. (13) with that value of w. LO-CI denotes lowest-order CI (see
text). Figures in parentheses are the estimated error (in the last tabulated digit) after extrapolation to the

basis-set limit. Units: Ha®.

Approx. KS HF w=1 w=0.75 w=0.5 w=0.25
LO-CI 9.3959 9.3909 9.4034 9.5500 9.8920 10.286
Singles —0.0051 0.0000 -0.0127 -0.1918 —0.4858 -0.743(1)
Doubles —-0.3724(8) —-0.3746(7) -0.3676(3) -0.3027(7) —0.2908(14)  -0.365(3)
Triples —-0.0211(1) -0.0185(12)  —0.0249(1) -0.0613(2) —-0.1155(5) -0.159(4)
Quadruples —-0.0435(3) —-0.0435(3) —0.0434(3) -0.0377(4) —0.0402(6) -0.054(2)
Pentuples —-0.0022(7) —-0.0019(7) —-0.0026(10)  —0.0048(7) —-0.0082(10)  -0.012(2)
Hextuples —-0.0014(4) —-0.0014(4) —-0.0014(4) -0.0013(5) —-0.0010(5) -0.001(1)
TOTAL 8.9503(12) 8.9508(16) 8.9508(12) 8.9505(12) 8.9504(19) 8.952(8)

of configurations formed by exciting n electrons in all pos-
sible ways from all configurations in the model space (taking
care to avoid double counting by excluding any configura-
tion that is already present in the model space or that has
already been included in a lower rank of excitation).

We denote by “lowest-order CI” (LO-CI) the diagonaliza-
tion within the model space only. This corresponds to a rank
zero of excitation according to the above scheme and is the
lowest-order approximation possible within the truncated CI
hierarchy.

C. Quantum numbers

Since the Hamiltonian (1) is spin independent, it follows
that the many-body states can be classified according to a
definite total spin. We require a CI eigenstate to be an eigen-
state of the total z component of spin S, by restricting to sets
of Slater determinants each having a definite prechosen S,
eigenvalue (which is standard practice). In the open-shell
procedure, the definition of the model space is similarly re-
stricted by the choice of S, eigenvalue. We then determine
the total spin quantum number S of an eigenstate by acting
on it with §2. When the external potential is circularly sym-
metric, as in the applications described in this paper, we
make a similar further restriction of determinants to those
having a definite value of total orbital angular momentum L,.
Note, however, that in order to be able to do this consistently,
it is important that the mean-field potential U is also chosen
to be circularly symmetric, so that the single-particle states,
and therefore the Slater determinants, actually do have defi-
nite orbital angular momentum. This may require using an
approximate or circularly averaged mean field U.

III. EXAMPLE CALCULATIONS

A. Closed-shell system: N=6 electrons

To explain further our methodology, we first consider the
ground state of a circular parabolic quantum dot with N=6
electrons at near-equilbrium density r,=1.5a,. Following the

useful convention of Koskinen ef al.,'! we here define the
approximate average Wigner-Seitz radius r, for a circular
parabolic confining potential V,(r)=w?r*/2 by

1

/

w"y

r= (11)

=

(in effective atomic units).

In the shell model of the quasi-2D quantum dot, the N
=6 electron dot is a closed-shell system with a spin-zero
ground state,” which is therefore well represented by a
single-determinantal ground state. In Table I we show the
full CI calculation of the ground-state energy organized hi-
erarchically for increasing degree of excitation from the
ground-state determinant. We define the contribution from
n-fold excitations in this table (and later) as follows. Let E,
be the result of a CI calculation truncated at n-fold excita-
tions, that is, containing the lowest-order (model) space of
determinants together with single, double, ..., up to n-fold
excitations. Then we define the contribution AE, of n-fold
excitations to be

AE,=E,-E,_,. (12)

The lowest-order (LO-CI) contribution, AEy=E,, is defined
to be that resulting from diagonalizing the Hamiltonian over
the model space only.

Results are given in Table I for several different basis sets
corresponding to different mean-field potentials U. In addi-
tion to the Kohn-Sham (KS) effective potential U=V, of
DFT and the HF potential U=V}, we also consider an ap-
proximation to the mean-field potential with a simple ana-
lytical form. This potential is given by

Uw,r) =wV, exp(- ar?), (13)

where V) is the potential at the center of a disk of uniform
charge density op=1/(mr?) containing N electrons,

.
2N
Vo= ——. (14)

s
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A
Ve + U(w)

FIG. 1. Total potential V., (r)+U(w,r) for the approximate ana-
lytical mean field U(w,r) in Eq. (13). Solid line: full potential, w
=1. Dashed line: bare external potential, w=0.

The parameter « in Eq. (13) is determined by requiring that
the potential U(1,r) cancel the second derivative of the ex-
ternal potential, which may be shown to lead to

1
a= .
4Nrf

(15)

In this way, for w=1, the potential U(w,r) has the effect of
flattening the bottom of the parabolic confining well (see Fig.
1), which is an important effect of any reasonable mean-field
potential. We further vary this potential by applying an over-
all scaling factor w, so that w=1 gives the optimally flattened
total potential, while w=0 gives the bare external potential.

In Table I we have also attempted to extrapolate the re-
sults to the basis-set limit &,,,— . To perform this extrapo-
lation, we first perform a series of calculations in which the
basis set is truncated after a number ng, of full shells, with
ng=2,4,6,..., etc. A “full shell” is characterized by a small
gap in the spectrum, and for our mean-field basis sets these
generally occur for the same states as are found in the har-
monic oscillator shell structure (except possibly at the high-
est energies). Then we perform fits of the energies to poly-
nomials in 1/ng, and extrapolate to (1/ngy,) — 0. An estimate
of the error in this extrapolation is found by testing the con-
sistency of the extrapolation as the number of points in the fit
is varied. We offer no particular justification for this proce-
dure other than that, after a certain amount of trial and error,
it does seem to work quite well. It is in general important to
choose only even (or only odd) values of ng, since there are
often marked odd-even effects related to the alternating par-
ity of successive shells. The result of the extrapolation is a
small, but useful, additional contribution to each value tabu-
lated.

From Table I we see that, as expected, each potential U
that we consider leads to a final total energy (that is, at full
CI level) in agreement to within the estimated uncertainty
due to the extrapolation to the basis-set limit. This error is
the only error in the calculation in the full CI limit. The
estimated error for mean-field potentials in Table I is 5-6
times smaller than that for the nearly bare external potential
(w=0.25). This occurs simply because a mean-field basis
includes more of the physics in the lower-lying members of
the basis set and hence produces a smaller truncation error at
any given upper energy cutoff. Note that the calculation for
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TABLE 1I. Contributions to the > ground-state energy of the
N=4 electron circular parabolic dot with density parameter \
=1.89 (r,~1.9ay). HF-av denotes a configuration-averaged
Hartree-Fock basis set, w=0.75 a basis set in the potential of Eq.
(13) with that value of w. Units: Ha".

Excitation HF-av w=0.75
LO-CI 3.9268 3.9573
Singles -0.0886 -0.1298
Doubles -0.1131(4) —-0.1028(4)
Triples -0.0100 —-0.0095
Quadruples -0.0011(1) -0.0011
TOTAL 3.7141(4) 3.7141(4)
Ref. 20 (QMC) 3.7145(1)

each potential in Table I involves the same number of Slater
determinants and hence an identical computational effort
(within our approach, in which the numerical basis set is
stored on the 2D grid). It is also possible to optimize a
simple-harmonic basis set for full CI calculations, as done
for instance in Ref. 26, by modifying the frequency param-
eter w so as to gain some of the benefits of this effect.

The advantage of a mean-field basis is more evident in
truncated CI. The results in Table I show a pattern of con-
vergence with respect to degree of excitation that is well
known in quantum chemistry®*?> and atomic physics*! appli-
cations. It follows from the definition of the HF potential (via
a result known as Brillouin’s theorem),?® and from the defi-
nition of AE; given in Eq. (12), that AE;=0 for the HF
potential. To the extent that any reasonable mean field ap-
proximates the HF potential, the singles contribution is thus
generally small. Another important feature of Table I is that,
for mean-field potentials, quadruple excitations are generally
at least as important as triple excitations. This result, which
is found also in closed-shell atoms and molecules, occurs
because in CI the quadruple excitations contain the effect of
two disconnected pair excitations, which is often more im-
portant than triple excitations.*'*> Thus, a truncation after
quadruple excitations is generally more appropriate than one
after triple excitations. Now, it follows from Table I that the
doubles truncation error is 65 mHa" for a HF potential and
226 mHa" for the w=0.25 potential, while the quadruples
truncation error is 3.4 mHa" for HF versus 12.7 mHa" for
the w=0.25 potential. Once again, our numerical approach
has the property that the computational effort required at any
level of truncation is the same for all basis sets. It is impor-
tant to note also that for larger systems (of size greater than
about N=7 or 8), it is generally only possible to perform
truncated CI calculations and the truncation error is then cen-
tral to the overall accuracy of the method.

B. Open-shell systems

Full CI calculations for the ground state of the N=4 elec-
tron dot are given in Table II. These results have been cal-
culated with two basis-set potentials: a “configuration-
averaged” HF potential*' and the analytical potential U(w,r)
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(a) (b) (©) (d) (e)

FIG. 2. Sample goldstone diagrams through third order for the
interaction of two valence electrons, corresponding approximately
to the Cl-singles approximation with a valence model space. The
external legs v, w, v’, and w' indicate valence electrons. Diagram
(a) is the lowest-order interaction with the bare Coulomb interac-
tion; (c) and (e) are sample exchange variants of (b) and (d), re-
spectively.

of Eq. (13). The configuration average for the HF potential is
over all combinations of €, and spin of the outer incomplete
valence shell, which ensures a circularly symmetric and spin-
independent potential and thus yields good quantum numbers
at each level of CI truncation. The model space is here con-
structed as described in Sec. II B, by choosing a 1s® core and
distributing the (N-2) valence electrons in all possible ways
among the 1p* valence shell (subject to conservation laws
for the z component of total spin S, and orbital angular mo-
mentum L,).

Table II illustrates a general feature of open-shell systems
with a mean-field potential: while singles are small for the
ground state of closed-shell systems (and zero for a HF po-
tential), as we have noted above, they are enhanced for open-
shell systems. Doubles are important, as for closed-shell sys-
tems, because they contribute the leading correlation effects
for potentials of HF type. The relative enhancement of
singles for open-shell systems is due in part to our choice of
a spin-independent mean-field potential U, which has the
consequence that the important physical effect of spin polar-
ization enters in leading order in the singles contribution.

To see this in more detail, we show in Fig. 2 the approxi-
mate equivalent within many-body perturbation theory
(MBPT) of the present open-shell Cl-singles approxi-
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mation.*>* The singles approximation includes an infinite
subset of diagrams with loops to all orders, together with
their exchange variants such diagrams contain only single
excitations in the intermediate states. At least two basic
physical effects are thus accounted for within our model
space treatment of singles. First, the screening of the Cou-
lomb interaction between those valence electrons included in
the definition of the model space due to polarization of the
core (here, particle-hole excitations from the 1s* core). Sec-
ond, because of the spin dependence of the exchange dia-
grams, we incorporate the leading spin-polarization effects.*!

Note that we could have included spin polarization in
lowest order by using a spin-polarized mean-field basis such
as SDFT or unrestricted Hartree-Fock,3® in which the mean
field U is spin dependent and the single-particle states of
spin-up and spin-down electrons can differ. However, this
would have the consequence that in general, for an arbitrary
truncation of CI, the states will not be eigenstates of total
spin 82, and nor will the (25+1) substates be degenerate to
machine precision; these symmetries would be recovered
only in the limit of full CI and basis-set completeness. This
may lead to ambiguities if it is desired to determine the spin
of the states. In the present approach, we include the leading
effect of spin polarization at the level of single excitations,
which is still a computationally very cheap calculation, but
within a framework in which the total spin quantum number
S remains exact at each level of truncation.

C. Excitation energies

A full CI calculation of the ground-state energy and first
excitation energy of the N=7 electron dot is shown in Table
III, for two different basis-set potentials. Here, we first cal-
culate the excitation energy for several shell-index cutoffs ng,
(see Sec. III A), and only then extrapolate to the basis-set
limit ng,— . Extrapolating in this order results in errors in
the excitation energy that are typically an order of magnitude
less than the errors in individual total energies. In general,
the relative contributions to excitation energies can be quite

TABLE III. Contributions to the ground-state energy and first excitation energy of the N=7 electron
circular parabolic dot with density parameter A=1.89 (r,~ 1.7a;). HF-av denotes a configuration-averaged
Hartree-Fock basis set, w=0.75 a basis-set in the potential of Eq. (13) with that value of w.

Ground state (D) [Ha*]

Excitation energy (°S—2D) [mHa*]

Excitation HF-av w=0.75 HF-av w=0.75
LO-CI 10.526 10.770 50.4 78.8
Singles —-0.089 -0.333 -17.2 -26.2
Doubles -0.320(2) -0.273(2) 0.0(4) -12.8(2)
Triples -0.044 -0.091 -4.7(2) -10.6
Quadruples -0.038(2) —-0.038(4) -4.6(1) -4.6(2)
Pentuples —0.004(1) —0.008(1) -0.3(1) -1.2(4)
Hextuples -0.001 —-0.001 -0.4(1) -0.1
Septuples 0.000 0.000 0.0 0.0
TOTAL 10.029(3) 10.027(5) 23.1(5) 23.3(5)
Ref. 20 (QMC) 10.0342(1) 27.5(1)
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FIG. 3. (Color online) Singles and doubles contributions to the
ground-state energy of parabolic dots for density parameter A
=1.89 and a configuration-averaged HF basis (see text).

important for all excitations up to quadruples, but tend to
show convergence for higher degrees of excitation (at least,
for 2=N=20).

IV. CORRELATION ENERGY 2=N=20

In this section, we apply our CI method systematically to
dots containing 2=N=20 electrons at densities around r;
~ 1.7a,, which occur in many experiments. In order to have
a point of comparison, we choose the same electron densities
as have been used in a complete and precise QMC study of
small quantum dots by Pederiva et al.,>® who report statisti-
cal errors of order 0.1 mHa" in ground-state energies using a
variational-diffusion quantum Monte Carlo (VMC/DMC) ap-
proach. The first phase of their method is a variational Monte
Carlo (VMC) calculation, after which the energies and wave
functions are refined by a second phase of diffusion Monte
Carlo (DMC). During the DMC phase, the nodes of the
many-body wave function are held fixed (at the positions
given by the final VMC wave function), in order to improve
the convergence of the Monte Carlo process for fermionic
systems. The final DMC phase may be regarded as giving a
variational upper bound to the energy, containing a system-
atic error if there is some inaccuracy in the assumed posi-
tions of the nodes. While the statistical error in the Monte
Carlo process is relatively easy to compute, the systematic
fixed-node error is harder to estimate, but is expected to be
small.?°

We include in our CI calculation all the states considered
in Ref. 20 along with several others, for a density parameter
A=1.89. Here A\=Iy/a, is the ratio of the confinement length
scale ly=VA/m"w to the effective Bohr radius; it is related to
the Wigner-Seitz radius r, defined in Eq. (11) by r?:)\“/ VN
(in effective atomic units), so that for this range of N we
have r,=~1.4-2.1a,. The calculation for 2<N=7 can pro-
ceed by full CI, but for higher N it is necessary to limit the
number of Slater determinants included by using truncated
CI. We include up to hextuple excitations for N=8,9 and up
to pentuple excitations for 10=N=20.
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FIG. 4. (Color online) Singles, triples, quadruples, and pen-
tuples contributions to the ground-state energy of parabolic dots for
density parameter A\=1.89 and a configuration-averaged HF basis
(see text).

The model space is generated as described in Sec. II B by
taking the core as the largest contained closed-shell system
(N,=2, 6, or 12) and distributing the valence electrons over
the whole of the outer harmonic oscillator shell. (For ex-
ample, for N=16 we take N.=12 and distribute the four va-
lence electrons over the 1f* and 2p* states, subject to sym-
metry constraints.) The results are checked by performing all
calculations with at least two different basis-set potentials:
the HF potential and the analytical potential U(w,r) of Eq.
(13) with w=0.75 or 1. For open-shell systems, the HF po-
tential is here configuration-averaged (as in Sec. III B) over
all /. and spins of the final open valence shell or shells. (For
example, for N=14 with valence configuration 1f% we
configuration-average the two valence electrons over the 1f*
states. For N=16 with a nominal valence configuration
1f22p? from Hund’s rule,” we configuration average all four
valence electrons over the 1f*2p* states.) In all cases, the
final results with different potentials agree to within the es-
timated error from the extrapolation to the basis-set limit,
which provides a useful check on the calculation.

The maximum upper shell-index cutoff ng, (see Sec.
IIT A) considered in the single-particle basis sets, before ex-
trapolation to the basis-set limit (1/ny,)— 0, are as follows.
We define the shell index of the lowest 1s (harmonic oscil-
lator) shell to be ng,=1, that of the 1p shell to be ny,=2, etc.
For the singles and doubles contributions, we calculate up to
ng,=18. For triples, we consider up to ng,=14 for 3=N=7,
up to ng,=12 for 8=N=12, and up to ny=10 for 13=N
=20. For quadruples, we consider up to ng=10 for 4=N
=6, and up to ny,=8 for 7=N=20. For pentuples, we con-
sider up to nyg,=8 for 5S=N=12 and up to ny=6 for 13
=N=20. For hextuples, we consider up to ny=8 for 6
=N=8 and up to ny,=7 for N=9.

We consider first the relative contribution of all excita-
tions up to pentuples to the ground-state energy for the HF-
type potentials. Figure 3 shows singles and doubles. As men-
tioned in Sec. III B, singles are zero for closed-shell systems
but rise to a largest (most negative) value in the midshell
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region, since in the present formalism singles account for the
leading order of spin polarization. The doubles have a strong
linear trend in this size range, with superposed shell struc-
ture.

Figure 4 shows triples, quadruples, and pentuples. As
mentioned in Sec. III A, triples and quadruples tend to be
comparable for a mean-field basis (and they are also compa-
rable to singles). However, we see that pentuples are some-
what smaller. We have also calculated hextuples for N
=6-9, finding them to be of order 8%—15% of pentuples for
N=8,9. This suggests that there may be a significant drop
between pentuples and hextuples at larger N also, where we
truncate at pentuples.

The final ground-state and excitation energies are given in
Table IV. As an informal estimate of the CI truncation error
(for N=8), we give in this table the size of the contribution
of the highest-degree excitation included in the calculation.
This contribution is in all cases somewhat smaller than the
estimated error due to the extrapolation to the basis-set limit.
In this sense, our level of CI truncation and our treatment of
basis-set completeness are roughly consistent. A further con-
firmation of this is provided by the observation that calcula-
tions with different basis-set potentials give results agreeing
to within the estimated error for extrapolation to the basis-set
limit. Of the extrapolation errors, the quadruples extrapola-
tion tends to be the most difficult, and thus contributes the
dominant error to the whole calculation for most of the re-
sults presented. Overall, the CI calculation becomes less ac-
curate as N increases, both because the number of Slater
determinants increases rapidly with N for a given shell-index
cutoff ngy, (see Sec. Il A), and because the basis-set trunca-
tion error associated with a given value of ng, also increases
with N. (See Ref. 45 for a discussion of convergence issues
in analogous CI calculations of three-dimensional jellium
clusters.)

In comparing our CI results with the VMC/DMC results
of Pederiva et al.,’° we note first that the error we have
achieved in the CI calculation is up to 1-2 orders of magni-
tude greater (worse) than the statistical error in the VMC/
DMC calculation. However, there are discrepancies in the
ground-state energies for some of the small systems with N
=7 of order a few mHa" (N=2 and 4 are exceptions). The
differences of ground-state energies given by the two calcu-
lations are plotted in Fig. 5. The discrepancy is clearest for
N=3 (which has been verified by use of several different
basis-set potentials). There are further discrepancies of order
a few mHa" in a substantial number of the excitation ener-
gies, where our errors are up to an order of magnitude better
than for the ground-state energies. We show in Table III an
example of such a case, for the first excitation energy of the
N=T7 dot, together with the convergence pattern for two dif-
ferent basis-set potentials.

The cause for these discrepancies needs to be investigated
more fully, but we note that since our discrepant ground-state
energies are lower (more negative) than those of the VMC/
DMC method, it is possible that we have revealed the sys-
tematic error in the VMC/DMC calculation due to the fixed-
node approximation. This may also be the explanation for the
discrepancies in the excitation energies, which are also of
order a few mHa". If this is true, it may be possible to im-
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FIG. 5. (Color online) Discrepancy in ground-state energies be-
tween the present CI calculation and the VMC/DMC approach of
Pederiva et al. (Ref. 20). Plotted are present results minus those of
Ref. 20. Error bars indicate the error in the CI results arising from
the extrapolation to the basis-set limit. The size of the error for N
=11, 12, and 13 is 25, 45, and 60 mHa", respectively.

prove the fixed-node error in the VMC/DMC approach of
Ref. 20 by using an improved trial function in the VMC
phase.

Turning to the larger systems with N>8, we see from
Table IV that the error in our CI calculation varies from
about 8 mHa* (N=9) to about 110 mHa* (N=20). In this
size range, the VMC/DMC approach may be more accurate,
if one assumes that any fixed-node error that may be present
is no greater than a few mHa".

However, we note that the VMC/DMC method can only
be used for the ground state or, more generally, for the
lowest-energy state of a given symmetry (L.,S), while CI is
in principle capable of treating all excited states. For in-
stance, for N=9 (Table IV, there are two states with (L.,S)
=(0,1/2), and two with (L_,S)=(2,1/2), that may be
formed within the valence model space; the VMC/DMC
method is only capable of treating the lower-energy state of
each pair. Thus, a CI approach can have important uses on
these larger systems as well.

V. CONCLUSIONS

We have described a CI approach using a numerical
mean-field basis set, which is generated and stored on a 2D
Cartesian grid prior to the CI calculation. The CI calculations
were organized hierarchically with respect to degree of exci-
tation and extrapolated to the basis-set limit. For high elec-
tronic densities (r;=1.7a;), the method gave errors ranging
from 0.3 mHa* for N=3, to a few mHa* for N=5-9, and
rising to about 100 mHa* for N=20. It should be noted,
however, that convergence becomes more difficult in the low
density, strongly interacting regime; we are currently extend-
ing the method for use in this regime.

Several improvements are possible to the present CI ap-
proach. One can gain in memory requirements by reevaluat-
ing the matrix elements of H¢y on the fly as they are required,
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TABLE IV. Ground-state energies (E) and excitation energies (AE) given by the present CI approach for
circular parabolic dots with density parameter A=1.89, using full CI for 2=N=7, up to hextuple excitations
for N=8,9, and up to pentuple excitations for 10=N=20. The error in parentheses on E or AE is the
estimate of error in the extrapolation to the basis-set limit; the error dec; in brackets indicates the size of the
highest-degree excitation included (for truncated CI). Both errors apply to the last tabulated digit of E or AE;
thus, 25.6(19) indicates an absolute error of 1.9. Ref. 20 is a VMC/DMC approach, and the error given in

parentheses is the statistical error. Units: E in Ha* and AE in mHa".

N L, S E or AE Oecy Ref. 20
2 0 0 1.02168(8) 1.02162(7)
3 1 172 2.2322(3) 2.2339(1)
0 3/2 51.3(3)

4 0 1 3.7141(5) 3.7145(1)
2 0 39.3(2) 41.1(1)
0 0 64.0(2) 66.3(1)

5 1 12 5.5304(13) 5.5338(1)
0 12 75.4(7)

6 0 0 7.596(2) 7.6001(1)
1 1 97(2)

7 2 172 10.028(4) 10.0342(1)
0 12 23.2(5) 27.5(1)

8 0 1 12.686(5) [1] 12.6900(1)
2 1 19.7(10) [1] 21.9(1)
4 0 25.6(19) [2] 27.5(1)
0 0 28.7(23) [1] 36.0(1)
2 0 47.1(9) [1] 56.1(1)
1 2 72(2) [1]
1 1 82(4) [1]
0 0 89(4) (2]
3 1 97(2) [1]

9 0 3/2 15.579(8) [1] 15.5801(1)
2 12 19(3) [0] 28.5(1)
4 12 37(5) [1] 42.6(1)
0 12 43(5) [1] 55.1(1)
0 12 52(9) [1]
2 1/2 69(6) [0]

10 2 1 18.725(13) [4] 18.7232(1)
0 0 0(3) [1] 2.9(1)
0 1 20.5(30) [6] 23.3(1)
2 0 37(3) [1] 40.0(1)
4 0 44(3) [0] 46.7(1)
0 0 66(9) [2]

11 0 172 22.079(25) [6] 22.0738(1)
2 12 16(4) [1] 15.3(1)
1 12 96(11) [10]

12 0 0 25.643(45) [5] 25.6356(1)
1 1 143(34) [22]

13 3 12 29.511(60) [16] 29.4938(1)
1 12 39(4) [2] 39.2(1)

14 0 1 33.57(6) [2]

15 1 32 37.91(4) [1]

16 0 2 42.39(6) [1]
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TABLE 1V. (Continued.)

N L, S E or AE Secy Ref. 20
17 3 32 47.09(6) [1]
18 0 1 51.95(8) [1]
19 1 12 57.05(9) [1]
20 0 0 62.25(11) [1]
rather than storing them in run-time memory. Also, our ap- ACKNOWLEDGMENTS

proach to truncating the number of Slater determinants in-
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truncations” methods.*
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